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Frequency-Related Effects in the Optimization of
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System
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Abstract—Magnetic stimulation of the nervous system is a non- the actual main engineering challenge of magnetic stimulation.
invasive technique with a large number of applications in neuro- - Although certain types of pulse generation circuits allow the
logical diagnosis, brain research, and, recently, therapy. New ap- yocovery of much of the energy as electrostatic energy in the
plications require engineering modifications in order to decrease disch it t of th is dissioated in th i
power consumption and coil heating. This can be accomplished by 'S(_: arge capacitor, part o . € energy Is dissipate 'n_ & col
optimized coils with minimized resistance. In this study the influ-  resistance. The losses restrict the usefulness of MS since they
ence of some frequency-related effects (skin and proximity effect) increase the need of high-power electronics and coil cooling
onthe coil resistance will be discussed, together with the role played devices and limit both duration of operation and maximum

by wire shape, wire section, and twisting effect. The results show zchieyaple stimulus repetition rate when repetitive magnetic
that the coil resistance increases with frequency. As an example, for __. oo
stimulation is performed.

a 20-mn¥ circular wire section, the skin effect in the typical fre- o : .
guency range of magnetic stimulator devices (2—4 kHz) increases  While it is straightforward to calculate the resistadtg of
the coil resistance up to about 45% with respect to its dc value. an ideal coil at extremely low frequency, so far no detailed anal-
Moreover, the influence of the frequency is lower for flat wire sec-  ysjs has been performed to estimate the same quantities at higher
tions and reasonably small helix twist angle of the coil. frequency, in the following indicated d&,.. The coil resistance
Index Terms—Coil optimization, magnetic stimulation, prox- at the typical MS current frequencies from 2 to 4 kHz may be
imity effect, skin effect. much greater tha®,., and this increase is mainly due to some
frequency-related phenomena, such as the skin and proximity
I. INTRODUCTION effects. The skin effect causes t_he_current to concentrate near the
wire surface, whereas the proximity effect causes an additional

T HE human nervous system can be excited noninvasivelyyrent redistribution in the coil windings due to the magnetic
using externally applied time-varying electromagnetige|d from adjacent wires [9].

field pulses [2]. Magnetic stimulation (MS) is accomplished The aim of this study is the theoretical investigation of the in-
by driving an intense current pulse through a coil placed abolgence of some frequency-related effects on the electric char-
the target nervous structures, which will induce a stimulatingteristics of nonideal air-cored coils, taking into account their
electric field. The poor linkage between the coil and the tissygpjication in magnetic stimulation. In particular, the study of
limits the efficacy of MS: only 110° of the magnetic energy the influence of the skin and proximity effect on the coil resis-
in the coil is transmitted into the nervous tissues and, therefofgnce and, consequently, on the dissipated energy, will be ad-
coil design is one of the key actions in order to improve anglessed considering both circular and rectangular wire sections.
optimize MS. The required magnetic field of about 2 T igy order to make this paper more comprehensible, the theoret-
obtained by rapidly discharging a charged capacitor throughy| approaches and the results are discussed in the main text,

the coil. An effective induced electric field can be obtained inereas the mathematical details are described in the appen-
the nervous tissues only when a current pulse with amplitude gfes.

up to 10 kA flows in the coil, and this, undoubtedly, represents
Il. THEORY
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Fig. 1. Schematic illustration of the stimulator circuit. In commercial 0
stimulators, typical values for power supply and componenté/are= 2 kV, Frequency [kHz]
L =15 uH,C = 150 uF, R = 50 mQ andR,, = 10 mS2, thus obtaining a
pulse duration of about 30@s. Fig. 2. Influence of the skin effect on the coil resistance per unit length at

high-frequencyR?’ . of a copper coil as a function of the frequency of the
coil current. The effect is shown as the ralg_/ R/,_, whereR/,_ is the coil

/
de de

The mathematical approaches and the final formulations fesistance per unit length. The ratio is computed for different wire sections and

the ratio betweerR,. and Ry, for circular and rectangular wire for circular (see Appendix 1) and rectangular (see Appendix I1) wire shape.
ac N The solid and dashed lines represent circular and rectangular wire shape,

section are discussed in Appendices | and Il, respectively. respectively. In each case, the section (expressed in millimeters squared) is

shown on the right of each corresponding couple (continuous and dotted) of
— i curves. In this case, for the rectangular wire shape, the ratio between the height
B. Proximity and Twisting Effect h and the widthw of the wire section was set to one, thus obtaining a square
When two or more adjacent conductors are carrying curret(tfe shape. Here and in the following Figures, the computation was performed
e . the software package MATLAB.
the current distribution in one conductor is affected by the mag-
netic flux produced by the adjacent conductors, as well as th .
P y J Rerea = Rr/2L, w? = (LC)™! — o? and U, is the ca-

magnetic flux produced by the current in the conductor itself'€ : . . :
This effect is called the proximity effect and produces an irp_acnorschargmg voltage. The diodeconnected anti-parallel
ith the thyristor is included when a biphasic wave shape of the

crease of the wire resistance with the increase of the frequen\@ . .

This increase is ordinarily greater than that one produced byt% rent ShO.UId be obt'alned, that allows the recovery of some of
skin effect [4], [12], although it produces a similar influencéhe magnetic energy in the coil as electrostatic energy of the ca-
on the current distribution, i.e., the current density is greatestqﬁlc'tor' S L .

those parts of the conductor encircled by the smallest number ?Fnerg_y is dissipated as Joule heatmg n the coil, cable;, and
flux lines. For example, if a round wire is close to another Wirﬁ ectronics cgmponents._Thg energy dissipated can be estimated
carrying an equal current in the opposite direction, the fields w 4 the following expression:

be additive between the two wires and opposed and canceled on At

the outsides. When the distance between wires is reduced the Wy = RT/ I*(t)dt (2)
mutual cancellation increases. As a result, high-frequency cur- 0

rents are concentrated on the wire surfaces facing the other wifgere At is the pulse duration.

surface, where the field intensity is greatest, with little or no cur- The integral in the equation above can be computed as [11]
rent on the outside surfaces where the field is low. However, this , ,

2
problem is more complicated than the study of the skin effectbg- 124yt = Yo [e7 204 (1 cos 2wAE
cause the geometrical form of the magnetic field that causes 4L2w?(a? + w?)
proximity effect changes with frequency. Moreover, when a coil —wsin2wAt — (¢ +w)a™H) + Wi (3)

winding spiraled to form a helix is considered, the influence of o ) ) . ) .

the proximity effect depends also by the angle of twist (see al$§€ energy dissipated during one pulse inducing a given electric

Fig. 7 in Appendix IV) of each ring of the coil (twisting effect)_f|6|d at the target can be used as figure of merit for the efficacy
The mathematical approaches and the final formulations 8t the stimulator.

the proximity effect in parallel wires and for the twisting effect

are discussed in Appendices IIl and 1V, respectively. lll. RESULTS

A. Skin Effect

Fig. 2 shows the influence of the skin effect on a coil with
The basic stimulator circuit consists of a capacitoicon- different wire sections and wire shapes (circular and squared
nected in series with the inductanteof the coil by a thyristor wire). The results are given as ratio betwd&p and R/, (i.e.,
switch (Fig. 1). The total resistand®; = R, + R inthe cir- R,. and R4 per unit length) versus frequency of the current
cuit is due both to cables, capacitor, and thyri¢t®y) and coil flowing in the coil. Disregarding the wire shape, the skin effect
(R,i.e.,Rq. andR, atlow and higher frequency, respectively)increases the coil resistance, in particular for larger wire sec-

C. Dissipated Energy

Closing the thyristor sets up a current pulge) tions. At the maximum considered section of 20 fanfe in-
crease of thek, . over R, _, ranges from 16% at 2 kHz to 45%
Upe™®" sin wt at 4 kHz for circular and from 14% to 41% for square wire sec-

I(t) = — L (1) tions. On the other hand, at the minimum wire section of ¥mm
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Fig. 3. Ratio R} /R, over frequency for rectangular wire section (see o 2 4 6 8 10
Appendix Il). The ratio is computed for different heightand widthw of the Frequency [kHz]

wire section. In all cases, the section is set to 10°mm

Fig. 5. Proximity factorF" versus the current frequency in a helix-shaped coil
13 (see Appendix IV). The effect of different angle of twis{on top of each curve)
is also shown. The circular section is set to 10fmm
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Fig. 4. Proximity factotF", obtained by normalizinge’ . with respect taR;,_ 10 2'0 3'0 4_'0 570

of anisolated conductor, i.6F, = R._/R!_. 1...q) (S€€ Appendix Il), versus

the current frequency in a helix-shaped coil. The effect of different circular Frequency [kHz]
sections (expressed in ninen top of each curve) is also shown. The angle of

twist 3 is set to 96. Fig. 6. Ratio between the dissipated energy [computed on the basis of (2)] at

high-frequency1¥,..) computed taking into account skin and proximity effect

;o ; 0 and its value at low-frequendyV;..) versus the current frequency, changing
RaC increases with respect ﬂa’dC from about 2.4% (at 2 kHZ) the wire sections (expressed in millimeters squared). The inductance of the 5-cm

to 5.5% (at 4 kHz), both for circular and squared wire. radius circular coil is of 32:H in all cases.

Fig. 3 illustrates the change i,/ R/, versus frequency for
rectangular wire with different heiglit and widthw ratio and devices, for a wire section of 5 nfinF increases of about 6.3%
identical wire section of 10 mn The resistance ratio is greatestind 21.3%, at 2 and 4 kHz, respectively, with a relative increase
for squared wire, i.eh/w equal to one (the increase&f. over of about 14.1%, whereas, for a wire section of 20 i in-
Ry ranges from 4% to 15% at 2 and 4 kHz, respectively), angleases of about the 48.8% and 67.3%, at 2 and 4 kHz, respec-
decreases as the wire becomes flat, henuch greater thaw. tively, with a relative increase of about 12.9%.

For example, foh/w = 2.5, the increase ak,. overRy. isof  As to the twisting effect (Fig. 5), for a given section of 10

2% and 6.4%, at 2 and 4 kHz, respectively. mm?, the proximity factor is greatest for tightly packed helices.
o o For a twist angles of 45°, the increase is of about 8.6% and
B. Proximity and Twisting Effect 20%, at 2 and 4 kHz, respectively (relative increase of about

Fig. 4 shows the proximity effect as proximity factBr ob- 10.4%), whereas when the helix becomes loose and l8ng (
tained by normalizing®/,. with respect toR/,. of an isolated 10°), F' can be considered approximately equal to unity at all
conductor, i.e.F’ = Rl /R 1ai.q)- The results are given for frequencies.
different wire sections versus coil ?requency, for a helix-shaped = |
copper coil with given twist anglé of 9¢°. Fig. 5 showst” C- Dissipated Energy
versus frequency for helices with differefitwith given section  Taking into account the skin and proximity effect, the dis-
of 10 mn?. Considering the change in wire sectidn,shows sipated energy¥;.. can be computed by (2) and compared
an abrupt change versus frequency. All curves show a rapid with the dissipated energy calculated with the coil resistance at
crease up to 4 kHz and then saturation, with a reduction in thev-frequency(Wj4.). Fig. 6 represents the ratid’;.../Wa.
slope of the curves with the decrease of the section. Howewsgrsus frequency of the current flowing in the coil, for a circular
in the typical current frequency range of magnetic stimulatiamire, considering different wire sections. For a wire section of
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20 mn?, Wy, increases of about 53% and 101% with respestze, shape, type, and winding profile of the coil. One promi-
Wiae, at 2 and 4 kHz, respectively. This effect reduces as thent result of analyzing how changes in the geometry factors
wire section decreases. For a 5-famire section, the increase affect the driving energy was that single and 8-shaped coils are
of Wiy, with respectV;. is of about 3.4% and 9.1%, at 2 andmuch less effective than 4-leaf coils. Another conclusion was
4 kHz, respectively. that D-shaped wings are better over elliptic or circular wings
and that the winding profile should preferably be flat with many
concentric layers. The optimum outer wing diameter was found
to be 40-50 mm. Although smaller coils have been suggested on

Magnetic stimulation of the nervous system is a noninvasiviee basis of field modeling, our results indicate that the reduced
technique with a large number of applications in neurologicalductance of small coils is not enough to compensate for the
diagnosis, brain research, and, recently, in therapy. The gpeater driving current.
plications of magnetic stimulation are becoming increasingly In general terms, in order to optimize the device, no single
sophisticated, and users demand stimulators with less q@élrameter adequately characterizes the stimulator. The good-
warming, with better capabilities of focusing the stimulatingess of this kind of apparatus is a mixture of various factors,
fields in small regions and capable of delivering more rap@mong which the following can only be considered essential
trains of stimuli for repetitive transcranial stimulation. Moreelements for its design: 1) adequate energy transfer (current
over, therapeutic use of magnetic stimulation appears #ow x pulse duration) to depolarize neurons; 2) restricted flow
exciting and promising application in the near future, beingutside the area of interest (high focusing); 3) acceptable al-
particularly true for functional and rehabilitative stimulatiorlowed repetition rate; 4) patient and operator safety; 5) tolerable
[14]. In that sense, recently, the application of magnetic stirheat build-up; and 6) acceptable weight, cost, reliability, conve-
ulation to functional magnetic stimulation (FMS) may providaience, and availability.

a fascinating option and additional tool to the conventional This paper, ultimately, addresses the study of the power con-
functional electric stimulation. Several FMS experiments hasmption of magnetic stimulators, substantially influenced by
already been described in literature. Lém al. assessed the two main factors, the efficacy of the stimulator, i.e., the power
possibility of FMS to help bladder emptying and training irissipation in the coil and cables during the stimulus delivery
individuals with spinal cord injury [16]. Craggs al.discussed phase and the efficacy of the coil in transmitting energy into the
the possibility to use FMS of the phrenic nerve for respiratotyrain. The latter is affected by the coil winding [11], whereas the
muscle function [17]. Sherifet al. reported that FMS over power dissipation can be decreased by optimizing the shape and
the sacrum could profoundly suppress detrusor hyper-reflesiae of the coil wire in order to minimize the coil resistance that
resulting from spinal cord injury [18]. However, to enablelepends greatly on frequency-related effects such as the skin
the use of magnetic stimulation as an alternative of electriGahd proximity effect and, hence, on the frequency of the current
stimulation for functional or rehabilitation purposes, it isn the coil. These phenomena increase Rg with respect to
crucial to optimize the available stimulating devices, and th&,. with the increase of both frequency and wire section. Their
key to optimization is coil design [11], [14], [19]. influence depends also by the shape of the wire cross section,

Few papers in literature address coil optimization. In oreffecting more circular than square and rectangular wire cross
study, 8-shaped and 4-leaf coils with various angles between gieetion. Considering the skin effect, at 4 kHz (at the top end
wings, as to better fit the shape of the tissue surface, were aofthe typical range of the coil current frequency in magnetic
lyzed along with square and circular loop shapes [20]. The effestimulation devices), with the smallest wire section (5 Thm
of the size of the circular coil was analyzed by, e.g., Ruohonére increase oft,,. over R, is approximately equal for circular
et al.[21] and the degree to which the field can be concentratadd square wire shape, whereas for larger wire sections (15-20
by Ravazzanet al.[22]. These studies considered the relatiorm?), R,. shows a larger increase for circular than for square
ship between the amplitude of the driving current and the magire shape. This is also confirmed for rectangular wire shape,
nitude of the induced field, which, however, is not a measuvéth a decrease of the influence of the skin effect as the wire
of the efficacy of the coil or the stimulator. In context of repetshape becomes flat.
itive brain stimulation, the analysis has been extended to mini-Similarly, the influence of the proximity effect on the coil re-
mize the stimulator’'s power consumption, coil heating and tteéstance is greater for larger wire sections than for smaller ones.
peak magnetic energy [11]. These last results do not apply Mereover, in a helix-shaped coil, the coil resistance is lower for
rectly for magnetic stimulation, since the activating mechanisreng (lower twist anglg3?) and higher for short helices (higher
in brain and peripheral stimulation are thought to be differentvist angleg). As a consequence, the change in coil resistance
For the stimulation of curved axons or near terminations, suelrsus frequency produces a dramatic change in the dissipated
as in nerve root stimulation, coils similar to those used in bragnergy of the device and this effect is greater for larger wire sec-
stimulation may be useful. tion.

Coil design depends greatly on the application and there isThe influence of the frequency-related effects investigated
no globally optimal solution [11]. Ruohonest al. [14] ana- here can be discussed considering some typical characteristic
lyzed where the copper loops inside the coil should be placedabactual clinical and research magnetic stimulator devices, i.e.,
achieve the required electric field gradient along the nerve witloil-current frequency content between 2 and 4 kHz, wire sec-
the minimum driving energy in the coil. For this purpose, thetjon of about 5 to 10 m circular or rectangular wire shape
cast the coil geometry in terms of six parameters that define 28, [11], [14], [15]. As an example, the increase Bf. over

IV. DISCUSSION
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Ry, for circular wire shapes and coil-current frequency of &hereJg (‘7'(3/2) kr) is the Bessel function of first kind and order
kHz is of about 10.8% considering the skin effect (Fig. 2), afero; Bessel functions with complex argumgi?t 2 kr are gen-
about 15.1%, considering the proximity effect (Fig. 4), with asrally expressed by [8]

increase in dissipated energy of about 27.4% (Fig. 6). The use of

a rectangular wire shape, with a width/length ratio of 2.0 and a In (j(?’/ Q)a:) = ber,(z) + jbei,(z) (Al-4)
cross section of 10 mmproduces an increase &f,. over Ry,
of about 5.1% (Fig. 3). whereber,, andbei,, stands for the Kelvin functions of order

As a last remark, one should note that the change in coil fEBaeir general expressions are

sistance due to the frequency intrinsically produces a change
. . . . . . Jave) n+2m

of the electric circuit of the stimulator, yielding a consequent (=)™ (2)
change of the frequency of the current. This phenomenon is not bery, (z) = Z
taken under consideration in the approach presented here, but, m=0
although, actually in the frequency range from 2 to 4 kHz it can - ok 2m
be considered negligible, this issue should be better investigated bein () = Z (1) (5) sin = (n + 2m)r.
in next studies. —mil(nt+m+1) 4

In summary, the results presented here show that the changes (Al-6)
in coil electric parameters due to the frequency-related effects
discussed here cannot be neglected in designing magnetic stitfy; + 1) is the Gamma function. For all values ofthese se-
ulation devices. As to the coil optimization, this study suggesiis are convergent [3]. The constahts then easily calculated
that, in order to reduce the influence of these effects, the usengfequating the surface integral of current density to the total
wire with small section, flat shape and with a reasonably smallirrentZ over the cross section with radius

helix twist angle is advisable. .
I :/szs = 27rA/ rJo (j(?’/Q)/W) dr
s 0

27
- . i3/ Ly -
_j(g/Q)kAmel (J k7w) . (AI-7)

— 2
m!l(n+m+ 1) o8 4(71 +2m)m

(AI-5)

APPENDIX |
SKIN EFFECT IN CIRCULAR WIRE SECTION

The current-density in a circular conductor can be most
conveniently computed using the cylindrical coordinates This can be obtained on the base of the classical formulation
andz. The boundary conditions imply that theand > compo- a a
nents of the magnetic fielH vanish(H. = H, = 0), and that / Z o (h2)dz = 7 J, (ha). (Al-8)
only thez component ofl is not identically zero. Because of the 0
cylindrical symmetry, both derivatives &1 andJ with respect Now the current density over the conductor cross section can be

to ¢ are always equal to zero. computed as
By Maxwell equations in cylindrical coordinates and by the

Faraday Induction Law one can obtain the following Bessel dif- J.o—1 JB2k Jo(G®/Dker) (AI-9)
ferential equation of the first kind and order zero: i 2nry 1 (53D kry,)

21, dJ, wherer,, is the wire radius.

g T = Jwopd, (Al-1) The resistance?,., taking into account the skin effect, can

be determined, from the dissipated power per unit length of the
where j = /=1, p is the magnetic permeability Wire P in W/m, as [5], [6], [8]
(4r x 1077 H/m for air as well as for copper)s is the o [T
electric conductivity (5.810° 1/Qm for copper), and- is P :—/ T (r)JL (r)rdr
the distance between a point inside the cross section and the 7 Jo )
center of the cross section itself. These latter two quantities are _ Ipeakk / ¢ I (j(1/2) ,W,)
independent from the frequency. The solution of (Al-1) is: o [2710']1 (‘7'(1/2)/@%)] Z Jo
x I (j—<1/ Q)IW’) rdr (AI-10)

J. = ALy (j*/Pkr) + BE, (/%) (A-2)
where.J? (r) is the complex conjugate ok (r) andl,e.x is the

wherel, (/2 kr) is the modified Bessel function of first kind amplitude of the coil current. The right-hand-side integral can
and order zeroK (j*/?kr) is the modified Bessel function be evaluated using Lommel integrals [8]
of second kind and order zero akd = wop. A and B can )
be determined by the boundary conditions. In order to avoid a  p/ — "k Mo(krw) in (91 — Gy — f) (Al-11)
infinite current along the conductor axigs = 0), B should be 277w My(krw) 4
zero. Taking into account that

whereMg, My, 65, andé, are

I (j“/ 2>k7’) =Jo (j(?’/ 2>k7’) (AI-3) M, (kry) :\/berfﬁ(krw) 4 beil(kr,)  (Al-12)
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00 (k) = a1 <beiru(/f7’w)) (Al-13)  Taking into account the surface conditions +b andy =
R ber, (kry,) +h) given by (All-2), the solution of the (All-1) is given by the
. . series
wherew is the order of the Bessel functions. It can be demon- !
strated that the Kelvin functions converge in the range of values 00 e b/ (BEnis?
jnot|cos ( 42 ) nw
assumed byir,, [8]. J==Jo cos oy
Now, one should take into account that T =13, cosh /(B4 )b 2
P =R, I2 . (Al-14) cosh /(245 y 0
+ cos %x
wherel,.,. is the root-mean-square value (rms) of the coil cur- cosh /(557 ) h
rent and, as stated befor@®’ and R/_ are, respectively, the X sin(wt +¢).  (All-4)

dissipated power and the resistance of the coil at high-frequency

per unit length of the wire. Hence, one can easily comgtite Hence, in combination with (All-3) one can obtain
by combining (Al-11) and (Al-14)

o tanh (124’"27’2 ) b
ko Mo(kry) . m AbhJge sin(wt) =22 Jobh 1 -
/o _ _r _ de SIN{WT) = 0

Rac 271'7’100' Ml(k7w) St (91 90 4) ) (Al 15) 72 n:§57...n2 (12_:7}12772) b

The resistan.ce of thg coil at low frequency per unit length tanh (124;25772) h
(R!,.) can be simply estimated by
(12 +n2772 ) h,
, 1 4b2
Ry. = =5 (AI-16) x sin(wt + ¢).  (All-5)

whereS is the cross-sectional area of the wire, thus obtaining The complex values under the radical sign can be expressed
by the components
R/a(‘, Sk MO(kT'w) . ™ y P
R, 27rg M (krw) St (91 —bo— Z) ) (Al-17) n2n?
de w 1 w <12 —+ ) b2 :(Oén +J/3n)2

4h2
7127T2
APPENDIX I <12 + —2> h? =(Ctm + 7Bm)? (All-6)
SKIN EFFECT IN RECTANGULAR WIRE SECTION 4b

Within a certain approximation, the resistance and reactarfe@m which follow the expressions:
of a rectangular conductor (cross-sectional &fga= 2b x 2h)

can be quite accurately calculated as a two-dimensional (2-D) nr b woth? 2
problem [5], [23]. In this case, the current density is given by Op =—=7— <T) +1] +1
. . . 22 h n2m
the differential equation L
o%2J 921 [ 2 2
7z T o =127 (All-1) =T h wopb I
220 n2y?
wherel? = jwopu. This partial differential equation can be ]
converted into an ordinary differential equation through Fourier b r B2\ 2
. . nw Wl
Transform [1]. Assuming that the magnetic flux does not pass B, = 5h < 53 ) +1] -1
through the surface of this conductor into an adjacent conductor, 2v2 L\ T
the lines of force in the thin surface layer can be considered
as following the boundaries of its cross section. Then, the cur- nr h [ wopb?\?
rent-density/ over this thin surface layer will be the same in all B :ﬁz < 2.2 ) + 1| =1 3. (All-7)
the rectangular sectian= +b, y = £h and can be expressed,

considering a sinusoidal waveform, in the form Then, one will be able to write in (All-3) simply

J = Josin(wt + ¢). (All-2) tanh iB
w —A, — By (All-8)
If this conductor carries a currefitof rms. (root mean square) n + 5 "
valuel.,,. and the linear current density at low frequency (i.e., w =Ap — jBm. (AIl-9)
without considering the skin effect) is denoted By. as the U =+ 3 Bm
amplitude of the current density at low frequency, i.e., withogy syjitable arrangement one can obtain the general equations
considering the skin effect, then for A and B
. . inh 2c + fBsin 23
4bhJye t) = V2L t) = / Jdzdy.  (All-3 A= OO All-10
e sinfw?) - stn(wt) s, vy ) (a? + 32)(cosh 2« + cos 23) ( )
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Asinh 2a — asin 28
B = . All-11
(o + f32)(cosh 2cx + cos 2(3) ( )

Then, the sum of the series in (All-5) can also be simplified

1
E(An + Arn) :AN + A]\l

1
ﬁ(Bn + Brn) =Bn + By (A”-lZ)

Equation (All-5) assumes, after all conversions, the form

32
dJacsinwt = — Jo[(An + Apr) sin(wt + )
w
—(By + Bar) cos(wt + ¢)].  (All-13)
Forwt = 0, the phase angle follows from the equation:

By + By

tangp = ———— All-14
YT AN+ Au ( )
and forwt = 7 /2, one can obtain
J, 2 Ay +A
008y _ T N Ay _. (AlI-15)
Jde 8 (An +Am)? + (By + Bum)
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harmonically with frequency the equation that describes the cur-
rent distribution becomes [9]

FJ 10) L ol
a2 ror rzoer Mot
If + and@ are the polar coordinates of a point inside the wire,
7 IS the radius of the wires is the distance from the center of
the wire to the infinitesimal wirey is an integer, and is equal
to 2 f o, the solution of this equation becomes [3]
Ij(3/2)k Jo (‘7'(3/2)/@7;)
(r,8) = 20r Jy (j&/D k)
LD, SN Jn (18P kr)
n=0 sn Jn—l (J(3/2)k7w)

=2 fuod.  (Alll-1)

cos(nf) (Alll-2)

277

whereJ,, is a Bessel function of the first kind and order

An expression for the magnetic field at any point of the sur-
face of the wire was proposed by Dwight [3], who used the
Poynting theorem to find the resistance loss in the wire. When
I, = I the value of the resistance ratio can be computed by
(AllI-3), shown at the bottom of the page.

The first part of this equation is the expression for an isolated
wire, and the second part gives the increase due to the proximity
effect.

From the last two equations the expression for the resistancg, orger to quantify the changes Y., the proximity factor
c!

(z_ind reactance) follow wnhout the necessity to solve the eXPresis introduced as the ratio betwed), and k.. computed for
sions for.Jy andy. At the timewt = /2 the voltage drop in g, isolated conductor

the conductor disregarding or not the skin effect is equal to the

exciting voltage. From (All-2) one can obtain on the surface of F= Rilac (Alll-4)
the conductor the drop /ac(isolated)

Js Jgcose

o s (All-16) APPENDIX IV

Equating this drop to that of the linear current density in the TWISTING EFFECT

changed conductivity Typically, the coil resistance is computed by the one-dimen-
sional approximation, based on converting its circular conduc-
tors into a single flat sheet of the same thickness [6].

An increased accuracy can be yielded applying a 2-D model

whereo.. is the apparently reduced conductivity due to the skf? COMPUtela.. The coiled winding is assumed to be spiraled

effect. Then the ratio expressing the increase of resistancéqgorm_a h?"X' Its radius is.., the Wave_le_ngth or pitch i, as
then given by shown in Fig. 7, where the angle of twjstis also shown.

An increase inR,. is attributed to a longitudinal magnetic

\/QI _ ']dc
Abhoy.

(All-17)

Uac

2 An + Ap

R, o Jocosp w field, H., inside the helix, which is proportional$mm . The ac-
R\~ 0ac  Jue 8 (Ax+ Am)?+ (By + By)?  tual current resistance of the twisted conductor can be obtained
(All-18) by computing the power dissipation per unit length, as done be-
fore for the straight wire. It is a sort of effect of superposition:
APPENDIX Il first consider the skin effect, which induces a current-density

PROXIMITY EFFECT IN PARALLEL WIRES J.. The power dissipated per unit length due to the skin effect

A finite round wire that carries a curretitis located close " be calculated as

to an infinitesimal wire carrying a curreit can be considered ,

as a simple example of proximity effect in wires [7].1fvaries (AIV-1)

I’k Mo(kry) . T
= 0, — 0y ——).
202y, My (kry) St ( ! 0 4)

R! k Mo(kry) . v o 727 (bery, (kry )being 1 (kry) — ber, 1 (kry )beiy, (kry))
2 = sin{6; —6p——)+2)» = . (AIN-3
Ry, 2rryo <M1<krw> (-t 5) ; 57" (bexy_ (krw) — beiy_ (krw)) (Ai2)
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r

c

Fig. 7. Schematic representation of a helix-shaped epils the coil radius,
A is the wavelength or pitch, wheregss the angle of twist.

The proximity effect induces a current-density componen
parallel to the wire surfacels, which causes a heat loss in the

ring given by
1 2mr
dP' ==J3dr? | =
27" <’7d7’>
2
I2k2 ) Jy (j(?’/Q)kT)
=———sin" g | ——%| . (AIV-2
2220 0 P T (@) | - AV

9]
(20]
[11]
[12]
[13]
[14]

(15]

[16]

El7]

(18]

(19]

(20]

21
where.J,,(), as said before, are the Bessel functions of the firsE

kind and order. The total loss per unit length [W/m] can then

be computed by means of the Lommel integral

12 1 I’k
P=—R==<=
2 22770

Ml (kﬂw
Mo(k'Tw

2
in” /3 )
(AIV-3)
Then, the total resistance of the twisted w{&._) per unit
length(£2/m) can be obtained as

§COS(91—90—E).

ko[ Mo(kry) | ™
r_ — O —
A 2nr,o {Ml(/ww) St (91 o 4)
. My (kry) 7r
2 gt I\ w) _g, - L -
+ sin ﬁMO(krw) cos (91 o 4)}(AIV 4)

Also in this case, as for the discussion of the proximity effec

in order to quantify the changes &Y, the proximity factor?'
is introduced.
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